Abstract. The aim of this paper is to investigate the class of compact Hermitian surfaces (M, g, J) admitting an action of the 2-torus T 2 by holomorphic isometries. We prove that if b 1 (M ) is even and (M, g, J) is locally conformally Kähler and χ(M ) = 0 then there exists an open and dense subset U ⊂ M such that (U, g |U ) is conformally equivalent to a 4-manifold which is almost Kähler in both orientations. We also prove that the class of Calabi Ricci flat Kähler metrics related with the real Monge-Ampère equation is a subclass of the class of Gibbons-Hawking Ricci flat self-dual metrics.
1. Hermitian 4-manifolds. Let (M, g, J) be an almost Hermitian manifold. We say that (M, g, J) is a Hermitian manifold if its almost Hermitian structure J is integrable. In the following we shall consider 4-dimensional Hermitian manifolds (M, g, J) which we shall also call Hermitian surfaces. Such manifolds are always oriented and we choose an orientation in such a way that the Kähler form Ω(X, Y ) = g(JX, Y ) is self-dual (i.e. Ω ∈ + M ). The vector bundle of self-dual forms admits a decomposition We denote by iso(M ) the Lie algebra of the group of isometries Iso(M ) of (M, g).
Proposition 1. Assume that (M, g, J) is a compact locally conformally Kähler surface such that the Euler characteristic χ(M ) is not zero or which is conformally Kähler. Then θ(ξ) = 0 for every holomorphic Killing vector field ξ ∈ iso(M ).
Proof. Note that L ξ Ω = 0 and consequently
Consequently, dθ(ξ) = 0 and θ(ξ) = const. Note that θ ♯ ∈ X(M ) vanishes somewhere on M , since χ(M ) = 0 or because θ = df and M is compact. Consequently, θ(ξ) = 0. 
The Ricci tensor ̺ of a Hermitian manifold (M, g, J) is said to be Hermi-
is a Hermitian conformally Kähler surface then (1.5)
An opposite (almost) Hermitian structure on a Hermitian 4-manifold (M, g, J) is an (almost) Hermitian structure J whose Kähler form (with respect to g) is anti-self-dual. A bi-Hermitian surface is a Hermitian surface which admits an opposite Hermitian structure.
On any almost Kähler non-Kähler 4-manifold (M, g, J) there are two natural distributions D = {X ∈ T M : ∇ X J = 0} and D ⊥ defined in the open set U = {x : |∇J x | = 0}. We call D the nullity distribution of (M, g, J) . From (1.2) it is clear that D is J-invariant and that dim D = 2 in U = {x ∈ M : ∇J x = 0}. By D ⊥ we denote the orthogonal complement of D in U . On U we can define an opposite almost Hermitian structure J by setting JX = JX if X ∈ D ⊥ and JX = −JX if X ∈ D; we shall call it the natural opposite almost Hermitian structure. We have (see [J-3] 
,
The Killing vector field ξ belongs to the center z(iso(M )) of iso(M ). (M, g, J) . Then η = cξ for some c ∈ R − {0}.
Proof. Since (M, g, J) is conformally Kähler, there exists a non-constant function φ ∈ C ∞ (M ) such that θ = dφ. It follows that the metric g = exp(−φ)g is Kähler. Denote by ∇ the Riemannian connection for (M, g) .
Then η is a vector field with zeros. Since θ(η) = 0 it follows that η is also a holomorphic Killing vector field for (M, g, J) . Consequently, there exists a function h ∈ C ∞ (M ) such that η = J(∇h). Note that ∇h = exp(−φ)∇h. Consequently, exp(φ)dh = df and dφ∧dh = 0. It follows that there exists a function c ∈ C
and θ(η) = 0 it follows that ξ, η are parallel and consequently, there exists a constant c ∈ R such that η = cξ.
Toric Hermitian surfaces.
In this section we shall give the description of compact Hermitian surfaces whose group of holomorphic isometries contains a 2-torus.
Lemma A. Assume that a Riemannian manifold (M, g) admits two commuting Killing vector fields ξ, η. Then
is a Hermitian surface which admits two linearly independent, commuting holomorphic Killing vector fields ξ, η such that Ω(ξ, η) = 0.
Let T be a connected subgroup of Iso(M, g) corresponding to the Abelian Lie algebra t = span{ξ, η} ⊂ iso(M, g). By a volume function of the toric action of T on (M, g) we mean any function
2 , where ξ, η is any basis of t. Note that V is determined uniquely up to a constant factor. Note that we do not assume that T is a torus.
Remark. Recall that a symplectic 4-manifold is called toric if it admits a Hamiltonian action of a 2-torus T with an invariant moment map. Thus if (M, g, J) is Kähler then our definition does not coincide with the usual one. However, it does if T is a 2-torus and M is simply connected and Kähler. We have: 
Since θ is a smooth 1-form on M it follows that either U = ∅ or Ω(ξ, η) = 0 on the whole of M . Now we shall show Proof. Let ξ, ξ be potential Killing holomorphic fields for (F k , g, J) and
) is of co-homogeneity 1 and is toric with respect to J, J. Assume that ξ ∧ ξ = 0. From [J-1] it follows that the Lee forms θ, θ satisfy an equation (M, g, J) . 
Since ξ, η are perpendicular to ∇φ, ∇ψ, ∇χ it follows that KV ⊂ V ⊥ and T V ⊂ V ⊥ . Note that J is integrable and consequently Jξ, Jη are real holomorphic vector fields. Thus [Jξ, Jη] = 0 and it follows that JV is integrable. Moreover JV is totally geodesic, since it is the orthogonal complement of a distribution spanned by Killing vector fields. Since the orthogonal complement of JV is the involutive distribution V it follows that the characteristic form of JV is closed.
Let E 1 , E 2 be an orthonormal basis of V . Consequently,
are the characteristic forms of the foliations V, JV respectively. Now, assume that (M, g) is conformally Kähler, i.e. there exists a function f ∈ C ∞ (M ) for which the metric exp(−f )g is Kähler, and θ = df . Note that KJV ⊂ V if and only if g(KJη, Jξ) = 0.
We shall show that g(∇ Jη η, Jξ) = 0. Note that
On the other hand,
since J is Hermitian. Consequently,
is Kähler then the result is obvious. Now assume that M is compact conformally Kähler. It is clear from Corollary 1 that θ(ξ) = θ(η) = 0.
Thus Ω(ξ, η) = 0 implies that dΩ(η, Jη, ξ) = 0 and consequently, g(KJη, Jξ) = 0. Analogously one can prove that T JV ⊂ V . Let E 1 , E 2 be an orthonormal basis of V . Write c(x) = ξ x ∧ η x . Then
Note that [T, K] preserves both distributions V, JV . Consequently, Proof. We have two holomorphic Killing fields ξ, η such that [ξ, η] = 0. Recall that if ξ, η is a basis of an Abelian subalgebra t ⊂ iso(M, g) then the volume function of the toric action is v = g(ξ, ξ)g(η, η) − g(ξ, η) 2 . Then v ∈ C ∞ (M ) and let U = {x ∈ M : v(x) = 0}. It is clear that U is an open and dense subset of M . On U there is defined a frame ξ, η, Jξ, Jη. Note that any two of the vector fields of the frame commute. Denote by
It follows that R(E
Jη}. Now we define an orthonormal frame on U by
where
Let {θ 1 , θ 2 , θ 3 , θ 4 } be a dual orthonormal co-frame. Then (2.3)
If we change conformally the metric g to g * = f g and define an orthonormal frame {E
} with respect to g * analogously to the above then θ
In what follows we shall only consider the metric g * on U and we shall write
Note that the Kähler form Ω * = g * (JX, Y ) of the Hermitian structure J of (U, g * ) equals Ω * = θ 1 ∧θ 3 +θ 2 ∧θ 4 .
Thus Ω * ∧ Φ = 0 and J, Φ ♯ are orthogonal. Now it is clear that dΦ = 0, i.e. Φ ♯ is an almost Kähler structure on (U, g * ). It follows that (see [S] )
is also an almost Kähler structure on (U, g * ). Note that Ψ = θ 1 ∧θ 4 −θ 2 ∧θ 3 . Since ξv = ηv = 0 it follows that ξ, η are holomorphic Killing vector fields on (U, g * , J). Consequently, Lemma B implies that ω JV = θ 3 ∧θ 4 is a closed form. Thus the closed 2-form Φ = θ 1 ∧ θ 2 − θ 3 ∧ θ 4 determines an opposite almost Kähler structure compatible with g * . In view of Lemma B this [S, p. 117, (c) ] a class of compact complex 4-manifolds (M, g) admitting a circle of almost Kähler structures Ω t = cos t Φ + sin t Ψ where g(Φ, Ψ ) = 0. It is clear that the form µ = Φ + iΨ is a holomorphic symplectic form trivializing the canonical bundle of M . Consequently, the Kodaira theorem ( [Kod, Th. 19] ) asserts that any such manifold is of the form C 2 /Γ where Γ is a group of affine transformations leaving invariant the standard symplectic form dz 1 ∧ dz 2 (see [S] , [Kod] ). In [S] there is given an example of such manifolds called the Kodaira-Thurston manifold. Below we present other elementary examples on a standard 4-torus
We shall say that a point x 0 ∈ M is a point of positive sectional curvature of (M, g) if K(π) > 0 for all 2-planes π ⊂ T x 0 M where K denotes the sectional curvature of (M, g). Let P (M, g) = {x : x is a point of positive sectional curvature of (M, g)}. Then P (M, g ) is an open subset of M . We shall prove (see also [W, p. 16, Prop. 2.7 Proof. Let ω, ω be the Kähler forms of (M, g, J) , (M, g, J) respectively. (K(e i ∧ e 1 ) + K(e i ∧ e 2 )).
Analogously we obtain (2.11) g(∇ω 2 , ∇ω 2 ) = −2 i<3 (K(e i ∧ e 3 ) + K(e i ∧ e 4 )).
Thus P (M, g) is empty. If the sectional curvature K of (M, g) is non-negative then ∇ω 1 = 0, ∇ω 2 = 0 and (M, g) is locally a product of two (real) Riemannian surfaces with non-negative curvature and natural Kähler structures.
W. Jelonek
Example. The projective space CP 2 with the Fubini-Studi metric does not admit any local opposite almost Kähler structure, although it admits plenty of local opposite complex orthogonal structures. The metrics (2.8) cannot have points of positive sectional curvature.
